Introduction
Genotype
The equilibrium frequency of A at each such site is 1 − 2u s so that population mean fitness 135 at each site is the well-known value 1 − 2u. (Graur models these fitnesses as survival prob- 136 abilities, a consideration that we set aside for now, but address in section 4.4.) 137 138 Graur notes that historically the size of the human population did not change for tens of 139 thousands of years, suggesting that the population mean fitnessw must be approximately 1.
140
Haldane (1937) made the same suggestion, which we follow by multiplying the fitnesses by 141 a common factor such that the mean fitness is 1. This normalization leads to the following 142 well-known genotype fitnesses and frequencies:
Under the multiplicative fitness assumption and with these fitnesses and frequencies the type) is 1. Before discussing this further we consider the argument made by Graur for finding a limiting value for the proportion of the genome that is functional. 147 The Graur argument: a limit for f 148 The values in (5) show that the maximum fitness possible, that of an "optimal" individual 149 who is AA at all n functional sites in the genome, is w max = (1 − 2u) −n ≈ e 2nu . Since the 150 mean fitness is 1, this value is a measure of the load w max /w as defined in (2):
We confirm this calculation with two made by Graur (2017) for the case f = 0.05. Graur 153 assumes that g = 6.114 × 10 9 so that n = 1 2 f g = 0.15284 × 10 9 . For the case u = 5 × 10 −9 , 154 a value considered by Graur, e 2nu = e 1.5285 = 4.6, in agreement with Graur's tabled value. 155 When f = 0.05, g = 6.114×10 9 and u = 5×10 −9 , e 2nu = 98, in close agreement with Graur's 156 tabled value 100, minor differences being introduced by the approximation to exponentia-157 tion. (Note that Graur's value for the maximum possible number of functional sites appears 158 to omit the factor 1 2 , but his definition 1 − u of the single-site mean fitness 1 − 2u does not 159 include the factor 2, so that these differences cancel and we arrive at the same result.)
161
Graur argues that the load as defined in (6) for f is about 0.01875. Graur's overall conclusion that 10-15% is an upper limit for f is 168 therefore extremely conservative; as the calculation given here shows, using the most likely 169 parameter values, his approach yields a limit of ∼2% for f .
170
A revised analysis 171
As shown above, the fitness of an individual who is AA at all n functional sites is (1−2u) −n ≈ 172 e 2nu . The main point of this paper is that no individual of this genotype will ever exist, so 173 the load calculation (6) have no real validity, primarily that of the existence of an optimal homozygous genotype". With these considerations in mind, our aim in this work is to calculate the whole-genome 206 distribution of fitnesses and establish a methodology for defining an upper limit to f based 207 on the fitnesses of individuals who are likely to actually exist in a real population. To do 208 this we employ the single-site model of (5) and adopt the simplifying assumptions described 209 above. This requires some preliminary calculations.
211
We first find the distribution of the whole-genome fitness W of a randomly chosen individual 212 when site fitness and frequency values are as given in (5). The mean and variance of W can 213 be found from multinomial distribution formulae. Given the values in (5), the mean of W 214 is, exactly, 7) and the variance of W is, exactly,
216
(
These calculations allow us to make two points. First, the idealized most fit possible individ-219 ual has fitness of (1 − 2u) −n ≈ e 2nu , as calculated above, and with the parameter values in 220
(3) this is approximately 4.95. If s = 0.01 the standard deviation in fitness is found from (9) 221 to be about 0.09, so that the fitness of this individual is about 44 standard deviations above 222 the mean. Such an individual will never exist in the population, and the same conclusion is The mean µ and the variance σ 2 of log W can be found from the known mean 1 of W and known variance of W given in (9). These give
From this, 233 σ 2 = nus and µ = − 1 2 nus.
With the parameter values in (3) The fitness of the most fit individual likely to exist 246 We now calculate the fitness of the most fit individual who is likely to exist in a reproducing It follows that when the mean population fitness is 1 the fitness requirement for the most fit 266 individual who is likely to appear in a population of size 10 9 is
Since ( Graur in effect assumes that fitness is the product of viability, the probability of survival 280 to reproduction, and fertility, the expected number of offspring produced conditional upon 281 survival to reproductive age. Because the population mean absolute fitness is 1, the mean 282 fertility must be the reciprocal of the mean viability. The fitnesses in (4) are interpreted as 283 viabilities, and since these are probabilities, they cannot be normalized. nents are understood to be incorporated into relative fitnesses such as those given in (4). In 288 assuming that selection operates only on survival probabilities, Graur is in effect employing 289 a model of "pure viability selection" (Nagylaki 1991). One objection to this particular model 290 for fitness is that in the quantity 1 2 gf pu, every deleterious mutation per individual per gener-291 ation (on average) is accounted for. It seems strange that the genetics of a natural population 292 would be constructed such that all deleterious mutations affect viability, and none affect fer-293 tility. In reality, it must be the case that deleterious mutations affect both in unknown ratios. One could remove the grounds for the preceding objection by allowing the single site viabili-305 ties to be relative, such that, for example, the value 1 − s means very simply that viability is 306 reduced by the factor 1 − s. In that case, allowing that the maximum whole-genome viability 307 should be set to 1, the main thrust of our argument applies: the maximum viability should 308 be assigned to the fittest genotype that is likely to actually appear in a finite population.
309
Then the viability of an individual who is AA at all sites would be greater than 1, a situation 310 that may appear paradoxical because a probability cannot be greater than 1, but the evident 311 resolution of this paradox is that such an individual will never exist.
313
The recessive case 314 We next discuss the recessive case, in which the single-site fitnesses differ from (4) in that 315 the fitness of the heterozygote is 1. As in the additive case, we normalize so that the mean 316 fitness is 1. This leads to the following fitness table.
We next calculate realistic whole-genome fitnesses making the same simplifying assumptions 318 as those made for the additive case.
320
The whole-genome load and the distribution of fitness 321 We define W as the fitness of an individual taken at random. With site fitnesses as given in 322 (13) and the various assumptions made above, the whole-genome mean of W is 1 and the 323 the whole-genome variance of W is found from (13) and multinomial distribution formulae
This formula allows us to make two points. The first is that, with the parameters in (3) and 326 f = 0.05, the variance e nus − 1 of W is about 0.008 so that the standard deviation of W is 327 about 0.09. The fitness of an individual who is either AA or AM at all functional sites is
328
(1 − u) −n or about e 1.08 ≈ 2.94, about 22 standard deviations above the mean. As stated 329 above for the additive case, such an individual will never exist. The same conclusion holds 330 for other plausible parameter values. 
From this, σ 2 = nus and then µ = −nus/2.
342
With the parameter values in (3) and with f = 0.05 we obtain µ ≈ −0.004 and σ 2 ≈ 0.008.
343
The probability that W takes a value between 0.7 and 1.3 is the same as the probability that The fitness of the most fit individual likely to exist 351 We now find the fitness of the most fit individual likely to appear in the population. Since ( 
Parameter values and other considerations
The value of f. As the title of his paper indicates, Graur (2017) is most interested in the
Other fitness models 438
When h is positive a fitness model generalizing (5) is
The case h = 1 2 corresponds to the additive model. The "Haldane load" (1 − 2u) −n is 440 independent of h. It might then be expected that the realistic load generalizing (12) is also 441 independent of the value of h, but this is not so. It is found after some algebra that with 442 fitness and frequency values as given in (18), the mean of w is 1 but the the variance of w is 443 no longer as given in (9) but is, instead, e 2nuhs − 1. From this the mean µ and variance σ 2 444 of log w are no longer as given in (9) with s in all three cases. The number of offspring for an individual is determined more by 460 stochastic effects than by the individual's fitness. The reason for this is the fact that the 461 variance in fitness as given for example in (10) is very small.
Load-based arguments seeking to limit the value of f need not remain limited to the muta-465 tional load. The substitutional load and the segregational loads also depend to some extent 466 upon f and might be considered as well. The criticism of load arguments by Wright, Mayr 467 and others referred to above were made with respect to one or both of these loads. If these 468 loads were taken into account as well as the mutational load the possible values of f would 469 be even smaller. However these load calculations are subject to the same criticisms that we 470 have made for the mutational load.
471
Epistasis 472 The assumption of no (multiplicative) epistasis implied in the whole genome fitness model where n is the smallest value of i for which 1 − h 1 i − h 2 i 2 becomes negative. For the param-481 eter values that they chose, individuals having a large enough number of deleterious genes 482 so that 1 − h 1 i − h 2 i 2 becomes negative are so rare that Kimura and Mauryama neglected 483 them. This agrees with our main point: for realistic load calculations, individuals having 484 genotypes that will never arise in practice can be ignored.
multiplicative fitness model and no linkage disequilibrium throughout the functional part of the genome. Models that relax the multiplicative assumption for extreme genotypes are
